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Abstract

What can we infer about the hidden activity of a distributed computational process from the
constraints imposed and the statistical properties of its observed outputs? This paper develops
the relationship between a known proof of work success probability and otherwise unobserved
computation. Beginning with individual hash attempts, we connect proof counts and waiting
times to an estimate of interval average hashes and its sampling uncertainty. The observations do
not reveal the exact number of failed attempts or reconstruct an arbitrary computational history.
Combined with an independently specified energy cost per hash, they support a conditional
estimate of physical energy expenditure.

1 Introduction

Proof of work is the engineering application of interest.

Proof of work uses cryptographic hashes whose outputs, for distinct mining inputs, are modeled
as independent and uniformly distributed over the range of possibilities. Under this model, no
hash attempt has a greater probability of success than any other. The protocol imposes a difficulty
threshold that distinguishes valid proofs from invalid proofs and determines the probability that
any individual attempt will succeed.

While the majority of computation behind each proof goes “unseen,” the observed proofs provide
statistical evidence about the variable of interest—total hash. Those unsuccessful attempts constitute
the search effort that makes producing valid proofs costly. This search cost is central to the security
rationale of proof of work [10], although a valid proof does not reveal how many unsuccessful
attempts preceded it.

This gives rise to the central question of our inquiry:

Given a known probability of success and an observed sequence of valid
proofs, what can we infer about the otherwise hidden computational process
that produced them?

The answer requires distinguishing what is known and observed from what must be inferred. The
difficulty threshold establishes the probability of success. The number and timing of valid proofs



provide observable evidence. Together, these measurements allow us to estimate the underlying
quantity of computation, even though the individual hash attempts remain unobserved.

Although probability alone cannot determine energy expenditure, an inferred total hash quantity
combined with an estimate of energy per hash enables us to estimate the physical expenditure of
the process. The observed proofs do not supply that efficiency information.

1.1 Scope and Observation Assumptions

Unless stated otherwise, difficulty remains fixed throughout the observation interval. We assume
independent trials on distinct mining inputs, complete observation of successful proofs in the modeled
process, and an accurately measured observation duration. Where arrival times are used, they are
assumed to represent the timing of proof discovery sufficiently well for the model.

A canonical ledger need not contain every successful proof—competing valid blocks and withheld
discoveries may be absent. Miner provided block timestamps also need not equal actual discovery
times [10, 12]. Applying the model to ledger data therefore requires accounting for these differences
or treating them as explicit approximations. Without those assumptions, the estimate cannot
automatically be identified with total network hashes.

1.2 This Paper’s Objective

Our objective is to derive these relationships, beginning with the probability of a single hash
attempt and proceeding toward inference about an unobserved physical process. Five probability
distributions describe successive aspects of that process:

— Inferring Hash — Physical energy

Binomial Poi
Difficulty — Bernoulli — { tnomia N { o1sson

Geometric Exponential

The binomial and geometric distributions describe proof counts and search effort in hash attempts.
The Poisson and exponential distributions then describe proof counts and waiting times in physical
time.

2 Difficulty: The Probability of a Proof

Consider a cryptographic hash function with a 256-bit output. Although the hash function itself
is deterministic, we model the outputs generated from distinct mining inputs as independent and
uniformly distributed over the output space

Q=1{0,1}6, | = 2%,

Suppose the proof of work rule declares an output valid when its first d bits are zero. This requirement
defines the simplified difficulty condition used throughout the paper. Of the 22°6 possible outputs,

exactly 2296~ satisfy this condition. Therefore,
2256—d 4
P= 36 — 277




Thus, d is the number of constrained output bits, and each additional constrained bit halves the
probability of success.

For example,
1 -13
d=4 = p:1—6:0.0625, d=40 = p=~9.095x 107",
Difficulty fixes the probability of success for each attempt; it does not prescribe a deterministic
amount of computation. A valid proof may be found on the first attempt, while another search may

require far more attempts than the expected number. Difficulty adjustment is treated separately in
Appendix B.

3 Bernoulli: One Hash Trial

We begin with one hash. Define the random variable

o {1 if hash 7 is valid,

0 otherwise.
Then X; ~ Bernoulli(p), with probability mass function
IP)(XZ :‘T) :pzv(]-_p)lizu T € {071}

Its expectation, variance, and standard deviation are
EXi]=p,  Var(Xy) =p(l-p), ox=1/p(l—p).

For p = 1/16, each attempt produces an average of 1/16 valid proofs. This does not mean a fractional
proof is ever produced. A single hash produces either zero or one valid proof; the expectation
describes an average over repeated experiments.

4 Binomial: Count Proofs
Now suppose we perform exactly n independent hashes. How many valid proofs should we expect?
Define
n
K=Y X,

i=1

Because K is the sum of independent, identically distributed Bernoulli variables,
. . ny\ g n—k
K ~ Binomial(n, p), P(K=k)= <k>p 1-p" " k=0,...,n.

The binomial coefficient counts the different arrangements of k£ successes among n attempts. By
linearity of expectation and independence,

E[K]=np,  Var(K)=mnp(l—-p), ok =/np(l-p).



Suppose n = 16 and p = 1/16. The expected number of proofs is one, but one expected proof does
not mean exactly one proof:
15 15

16 16
P(K = 0) = (16> ~ 0356, P(K>1)=1- <16> ~ 0.644,

Thus there is about a 35.6% chance of observing no valid proof after 16 hashes.
The standard deviation is approximately 0.968 proofs, nearly as large as the expected count. More
generally, for np > 0,
ok |1—-p
E[K] | np

Precision therefore depends on the expected number of successful proofs, not merely on a large
number of hash attempts.

5 Geometric: Wait for a Proof

The binomial distribution counts valid proofs in a fixed number of hashes. The geometric distribution
reverses the question—how many hashes are required to find the first valid proof?

Let N be the number of hash attempts, including the successful attempt. Since each attempt
succeeds independently with probability p,

N ~ Geometric(p), P(N=n)=(1-p)" !p, n=1,2,....

The factor (1 — p)"~! represents the preceding failures, and the final factor p represents success on
attempt n. Equivalently,

B(N>n)=(1—p)", P(N<n)=1—-(1—-p"
The expectation, variance, and standard deviation are

1 1— 1—
E[N]==,  Var(N)=-—~, on= b
p

p p

Thus an expected wait of 1/p attempts is an average, not a deadline. For rare events, 1 —p ~ 1, so
on ~ E[N]: the number of attempts required for an individual proof remains highly variable.

With p = 279, the expected number of hashes is 2¢. At d = 40, both the expectation and standard
deviation are approximately 1.10 x 10'? hashes. Adding one difficulty bit halves the success
probability and doubles the expected search effort.

6 Poisson Distribution: Proofs in Time

We now move from counting discrete hash attempts to observing successful proofs over physical
time. The Poisson distribution describes the discrete number of events observed during a fixed
interval. A Poisson process extends this description to event counts indexed by continuous time.

Throughout this section, difficulty is assumed constant and publicly known. Hashrate is unknown
and may vary throughout the observation interval.



6.1 From Binomial Trials to Poisson Arrivals

Suppose the network performs an enormous number of independent hash attempts, while the
probability of success per attempt is extremely small. In the rare-event limit,

n — 00, p — 0, np — W,
the binomial distribution converges to the Poisson distribution:

e
K

Here, 1 is the expected number of successful proofs, and & is the number actually observed.

P(K = k) = k=0,1,2,....

This convergence concerns event counts. To model arrival times, we must additionally describe how
hash attempts occur over time. The limiting derivation is given in Appendix A.

6.2 Cumulative Computational Activity

Let H(s) represent an underlying attempt-rate trajectory, measured in hashes per second. We
treat this as an unknown deterministic trajectory. In a continuous approximation, cumulative
computational activity over [0,¢] is

N(t) = /Ot H(s) ds.

The observer does not know N () because unsuccessful attempts are not publicly visible.

Define the instantaneous proof-arrival intensity A(s) = pH(s) and cumulative intensity

At) = /Ot)\(s) ds — p/OtH(s) ds = pN(t).

The cumulative intensity represents the expected number of valid proofs associated with a particular
computational trajectory. It does not require constant hashrate.

Under an independent-trial, rare-event approximation, with attempts distributed sufficiently regularly
over time, proof arrivals can be modeled by a nonhomogeneous Poisson process:

K(t)| H(-),d ~ Poisson(p/UtH(s) ds) .

Equivalently,
A(t)k e—A(t)
k! )
This describes the randomness of proof discovery conditional on a possible computational trajectory.
It does not imply that the observer knows that trajectory.

PK() = k | Alt)) =

6.3 Expectation, Variance, and an Example

For a specified cumulative intensity,

E[K(t) | A(t)] = Var(K(t) | A(t)) = A(D).



The conditional standard deviation is \/A(t), and for positive cumulative intensity,

OK|A 1

E[K@) [ A®] VAR

For expected counts of one, ten, and 100, the corresponding relative standard deviations are 100%,
approximately 31.6%, and 10%.

For illustration, suppose A(5) = 1. This means one expected proof during a five-second interval,
without requiring constant hashrate. Then

P(K(5)=0|A(5)=1) =e ' ~36.79%,

and
1

P(K(5) =2 |A(B) =1) = % ~ 18.39%.

These probabilities are conditional on the illustrative intensity; they are not unconditional predictions
about an unknown network.

6.4 From Proof Counts to Waiting Times

Let T denote the waiting time until the first proof, measured from time zero. Conditional on an
intensity trajectory, waiting longer than t is equivalent to observing no proof before ¢:

P(T >t M) =P(K () =0] () =e O,
For a continuous intensity function, the corresponding waiting-time density is

Fr(t | AC) = A)e 0.

If hashrate is constant, A = Hp is constant and
T ~ Exponential(\), P(T > t) = e ™, fr(t) =Xxe ™, t>0.

The expected waiting time and its standard deviation are both 1/), while the variance is 1/A2. For
a rate of one proof every five seconds on average, the probability of a proof within five seconds is

P(T <5)=1-¢'~6321%.

A single short or long interval does not by itself establish a change in hashrate.

Conditional on a fixed rate value, the exponential distribution is memoryless:
P(T>s+t|T>s)=PT >t).

A failed hash does not make the next hash more likely to succeed. There is, however, an important
distinction between the physical process and our knowledge of that process. If the rate is unknown,
observing an unusually long delay may provide evidence that it is lower than previously estimated.
Previous waiting times do not change the success probability of an individual hash, but they can
change an observer’s inference about the hidden hashrate.



7 Inference from Observed Proofs

Difficulty supplies the known probability p, and observed proofs supply the evidence. The underlying
interval-average hashrate is

t
= % / H(s)ds,  A(t) = ptT.
0

7.1 Inferring Hidden Computation from Proof Counts

Suppose k proofs are observed during a fixed interval of duration ¢ > 0. The count likelihood for
cumulative intensity A = A(t) is

L(A| k) o AFe ™,
For k > 0, taking the logarithm and differentiating gives

or k

Setting the derivative to zero gives A=k Fork= 0, the likelihood is maximized at the boundary
A = 0. Therefore,

Estimating this average does not require assuming that instantaneous hashrate remained constant.

The estimate is nevertheless subject to sampling uncertainty. In particular, observing zero proofs
does not establish that no hashes were performed: for every finite positive A,

P(K=0]|A)=e¢">0.

For example, ten proofs over 50 seconds at d = 40 give

~ 1 240
H = Oéo ) ~2.90 x 10" hashes/s = 220 GH/s.

The estimate concerns an aggregate rate; it does not reconstruct the exact number or sequence of
failed hashes.

7.2 Estimator Precision and Confidence Bounds

Under the Poisson count model,

Var(ﬁ) = V?;t(f? = E, S/]\E(ﬁ) = pf

If = ptH is the expected proof count and H > 0, the relative standard error is

=
NS

SE(H)

1
H w




Replacing p with k, 100 observed proofs give about 10% estimated relative standard error, and
10,000 give about 1%. Halving the relative standard error requires four times as many expected
proofs. These describe sampling uncertainty under the model; they are not 95% error bounds or
allowances for errors in the observation assumptions.

For small counts, confidence intervals are more informative than the plug-in standard error. Their
endpoints can be obtained directly from Poisson probabilities. For the ten-proof example, the lower
endpoint is the expected count at which observing ten or more proofs has probability 2.5%; the
upper endpoint is the expected count at which observing ten or fewer has probability 2.5%. The
95% confidence level is a conventional choice, not a property of proof of work.

These endpoints are approximately 4.80 and 18.39 expected proofs. Dividing by pt gives the

confidence interval
105 GH/s < H < 404 GH/s.

The wide interval makes the uncertainty behind the 220 GH/s point estimate explicit. Across
repeated observations under the model, this procedure produces intervals containing the true
interval-average hashrate at least 95% of the time. Appendix C gives the general calculation.

When k£ = 0, the plug-in standard error is zero and should not be used as an uncertainty bound.
An absence of proofs nevertheless supplies evidence, because

P(K =0|H)=ePH.
Setting this probability to 0.05 gives a one-sided 95% upper confidence limit:

~In(0.05) _ 3

ﬁupper = pt D

<

Higher rates would produce an observation window with no proofs less than 5% of the time. These
are statistical confidence bounds conditional on the model, not deterministic guarantees of realized
computation or energy expenditure.

7.3 What Proof Counts Cannot Reveal

There is a fundamental limit to what can be inferred from proof counts alone. Two different hashrate
trajectories may satisfy

/Ot Hy(s)ds = /Ot Hy(s) ds.

They therefore have the same cumulative intensity and the same conditional distribution of total
proof counts over that interval.

Consequently, a single proof count cannot uniquely identify how computational activity was dis-
tributed across time. The observer can estimate cumulative computation, but cannot reconstruct its
precise temporal history from the count alone. Individual proof timestamps can provide additional
information about the temporal structure of a varying-rate process. However, inference about an
arbitrary time-varying hashrate still requires statistical assumptions or constraints.

The distinction is between the forward process

P, H() — A(t) — K(t)



and the inverse problem R
p, K(t) — LA | K(t)) — A — H.

The first describes proof production; the second describes what an observer can infer from it.

8 From Computation to Physical Energy

The preceding sections connect a known success probability to an estimate of otherwise unobserved
computation. We now distinguish three further quantities: the statistical rarity of a valid proof, the
electrical energy consumed by a particular implementation, and the thermodynamic consequences
of specified physical operations within that implementation. These quantities can be related only
after the relevant physical assumptions and system boundary have been stated.

Let
ep, = electrical joules consumed per hash.

Initially assume that ¢, is approximately constant and applies to every attempted hash. For a
search stopped at its first valid proof, let Ny denote the number of attempted hashes, including
the successful attempt. Since

Nproof ~ Geometric(p),

the realized electrical energy is the random variable
Eproof = Ethroof'

Consequently,
V1—p
P

€
IE[E‘proof] = Eha SD(Eproof) = €p
With p =27,
E[Eproof] = €127

The coefficient of variation is y/1 — p, which is close to one for a rare success. Thus the expected
energy per proof is an average over repeated searches, not a prediction of the energy consumed in
producing an individual proof.

Using the surprisal of a successful trial,
Tsuccess = —Inp = d1n 2,
measured in nats, the expected engineering cost may be written
E[Eproof} — 6helsuccess_

The exponential appears because efswcess = 1/p is the expected number of trials. It is not a
thermodynamic conversion factor; the physical energy scale is supplied by €y,.

Several information quantities must also be distinguished. Let Y be an idealized uniform w-bit trial
output, let A be the valid target set, and let B = 1{Y € A}, with p = |A|/2*. Then
HQ(Y) =w,
I(B=1)=—logyp=d,
Hy(B) = ha(p),
Hy (Y |B=1)=w—d,
Hy(Y | B=0) =w+logy(1—p),

Nej



where hg is the binary entropy function. These information quantities appear because the rarity of
a valid proof, the uncertainty of a hash output, and the entropy removed by a physical reset are
distinct concepts.

These distinctions prevent difficulty bits from being interpreted automatically as physically erased
bits. Their purpose is to identify the additional step required for an energetic conclusion: one
must specify what information a physical implementation stores and resets. The relevant entropy
reduction can then be represented by sy and, under an explicit reset model, related to a conditional
Landauer heat bound.

8.1 Inferred Energy Expenditure

Suppose k valid proofs are observed during an interval of duration t at fixed difficulty. The
proof-count likelihood gives

Under the constant efficiency model, the corresponding estimate of electrical energy is
FEiotal = €nNtotal = thQd-

This remains a statistical point estimate. It does not assert that exactly k2% hashes occurred.
If [Hy, Hy] is a confidence interval for interval-average hashrate and e, is treated as known, the
associated interval for hashing energy is

lentHp, entHy).

Uncertainty in €, is additional to the sampling uncertainty represented by this interval. For a
time-varying process, let H(s) be the attempt rate and let €;,(s) be the hash-weighted electrical cost
per attempt. The active-hashing expenditure is

t
Ehashing = /0 Eh(S)H(S) ds.

The simple product €,k2¢ therefore presumes either constant efficiency or an independently justified
hash-weighted average efficiency. Cooling, power conversion, communication, idle equipment, and
other auxiliary expenditure must be included separately when they lie outside the definition of €.

8.2 From Shannon Entropy to Physical Entropy

Shannon and Gibbs entropy share the same mathematical functional, but their physical identification
requires that the probability distribution describe physical states [3, 1]. For a distribution p, over
physical microstates a,

Sa(p) =—kp >, paln pa.
a
This is kg times the Shannon entropy of the same distribution. It does not identify the Shannon

entropy of an arbitrary message or proof event with the thermodynamic entropy of the device
representing it.

10



To make the distinction explicit, partition a memory’s physical microstates into disjoint sets {2;, one
for each logical value i. Define

p
bi = Z Pas Tali = 7(‘17 Si = —kp Z Tali 1n"ﬂa|i'
a€; Pi a€Y;

The physical entropy decomposes as [16]

Sc(p) = kpH(p) + ZpiSi-

The first term is uncertainty about the logical value; the second is physical entropy within the
logical states. Only when the internal contribution is controlled appropriately does a change in
logical entropy determine a change in physical entropy.

For a register coupled to a reservoir at temperature Tppys, let Qpatn be positive for heat transferred
to the reservoir. Under the usual assumptions concerning the initial register—reservoir state and the
treatment of auxiliary entropy sinks, the entropy balance gives

n E[Qbvatn]

AS,
“ Tphys

> 0.

An exact reset that reduces the physical entropy of the specified memory by kpln2s therefore
satisfies the conditional mean heat bound

E[Qpath] = kBTphysIn2 s

[14, 17, 18].
The scope of the reset operation is essential. If /h is a deterministic hash and the input X is retained,

then
Hy(h(X) | X) =0.

A reversible implementation may use retained information to uncompute intermediate or output
registers without inverting the hash [15]. Statistical unpredictability to an observer therefore does
not, by itself, establish a particular entropy reduction or heat cost inside the computing device.

8.3 A Conditional Failed-Trial Reset Model

The engineering coefficient €;, describes electrical energy per attempted hash. A different question is
whether a specified operation associated with each failed trial has a thermodynamic lower bound.
To examine that question, let

F = Nproof -1

be the number of failed trials before the first success. Then

_1-p

E[F] =—

Assume that each failed trial is followed by a specified reset operation at temperature Tppys. Suppose
that, after accounting for internal physical entropy and correlated side information, this operation

11



reduces the entropy of the specified memory by at least kpln2 sy, where sy > 0 is measured in bits.
The conditional mean heat per failed-trial reset is then bounded by

qo — kBTphys In2 Sf-

Under the independent-trial model, the mean heat associated with failed-trial resets before a

successful proof satisfies

1—
E[Qfailed] > kBTphyS In2 Sf » p,

Using p = 274,
E[Qfaﬂed] > kBTphys In2 Sf(l — 27d)2d.

The factor 2¢ arises from the expected multiplicity of the search. The factor s ¢ arises from the
physical entropy reduction of the specified reset operation. These factors have different origins: the
result does not say that each hash erases d bits.

For illustration, suppose a failed w-bit output is physically distributed uniformly over the complement
of the valid target set and is reset locally without using correlated input information. The logical
entropy of that failed output is

sf=Hy(Y | B=0)=logy(2" — |A]) = w + logy(1 — p).
The conditional bound becomes

]_ _
IE:[Qfailed] > kBTphys In2 [’U} + IOgQ(l - p)] Tp

For p <« 1, its leading behavior is
E[Qfailed] Z 'lUkBTphyS In2 2d.

This full-output reset model is an additional implementation assumption. If the output is not mate-
rialized, if retained information is used to uncompute it reversibly, or if the internal physical entropy
changes differently, then the appropriate value of sy must be derived from that implementation.

For k proofs observed during a fixed interval, the proof-count estimate implies

PN 1—
F = Nyggal — b = kTp

Thus a plug-in estimate of the conditional mean heat floor in this reset model is
Qfailed,min - kBTphys In2 kaT

Because the failed attempts are unobserved, this is a model-based inferred mean contribution, not a
deterministic lower bound on the heat realized in the observed interval.

8.4 From Conditional Heat to Power

A sustained proof rate converts the conditional mean heat per proof into a conditional average power
requirement. Let R be the long-run aggregate trial rate. Under the independent repeated-trial
model, the proof rate is

A = Rp.

12



If each failed trial undergoes the specified reset, the associated mean heat rate satisfies

1 _
Prajiea = R(1 — p)go = MepTpnysIn2s¢ » £

If useful operation requires a sustained mean proof rate of at least one proof per 7 seconds, then
kBTphys In2 Sf 1-— P

T p
The interval 7 is an aggregate mean interval, not a deadline by which every proof must arrive. A
success probability of at least o by a deadline instead requires capacity for at least

In(1— a)"
In(1 —p)

trials during the window. This capacity is not the number necessarily executed by a search that
stops at success.

P, failed =

Gmin = ’7

The two energy statements in this section should not be conflated. The quantity
Eiotal = €n—
p

is an engineering estimate based on a measured or modeled electrical cost per hash. The Landauer
expression is a conditional lower bound on one specified heat contribution under an explicit reset
model. If €, already includes that reset expenditure, adding the two quantities would double count it.
Neither difficulty nor observed proofs alone reveal the implementation’s efficiency, reset architecture,
or total physical expenditure.

9 Conclusion

Proof of work connects a known probability law to an expected amount of search and, under an
explicit physical implementation, to an estimate of energy expenditure. The observed number and
timing of proofs provide statistical evidence about hidden computation; they do not reveal the exact
number of failed attempts or the total energy expended.

A successful proof converts an uncertain computational event into evidence that can be checked
independently and shared across a global network. Its validity is publicly verifiable, while the inference
about the effort behind it remains subject to sampling uncertainty and the stated observation
assumptions.

Information theory quantifies uncertainty; statistical inference describes how evidence changes
it; computation supplies procedures for resolving it; and thermodynamics constrains the physical
systems in which those procedures are realized. Part III will examine the implications of these
relationships for coordination and resource allocation.

A  From Bernoulli Trials to Continuous-Time Processes

A.1 From Binomial to Poisson

Consider a sequence of binomial distributions in which the number of trials increases while the
probability of success decreases, such that the expected number of successes remains constant.

13



Setting p = u/n gives

k k n—k
ny (@ H H -
—] — = 1—= — e M.
(k) <n> k!’ ( n) ©
Combining these limits gives
et
k!

The Poisson distribution counts discrete events even when those events occur in continuous time.

P(K, =k) —

A.2 From Geometric to Exponential

Recall the geometric survival probability:
P(N >n)=(1-p)".

For a constant attempt rate H, the number of attempts during ¢ seconds is approximately Ht.
Using In(1 — p) ~ —p for small p,

P(T > t) = (1 —p)* = exp(HtIn(1 — p)) ~ e HPt,

More precisely, let pg = A\/H and N,, ~ Geometric(pg). Then, as H — oo,

NPH _ A LH] -t

Thus N, /H converges in distribution to Exponential(A). The discrete number of attempts is
thereby converted into a continuous waiting-time distribution. Within the resulting homogeneous
Poisson model, the relationship between no arrivals and the exponential waiting time in Section 6.4
is exact.

B Extended Difficulty-Adjustment Example

Suppose the target block interval is 7 = 5 seconds, but the observed average over a measurement
window is T" = 4 seconds. The target and observed arrival rates are

1 ~ 1
Atarget = 5= 0.2, A= 1= 0.25 blocks/s.

The observed rate is greater than the target by a factor of 1.25. Assuming hashrate remains
unchanged, restoring the target rate requires

At t
Pnew = a;:ge Pold = O-8pold-

14



The expected hashes per proof, 1/p, therefore increase by a factor of 1.25. In terms of effective
difficulty bits,
dpew = doig + logy(1.25) ~ dg1g + 0.322.

The fractional-bit representation is mathematical shorthand: practical systems can use numerical
hash targets to achieve finer adjustments than an integer leading-zero rule [12].

For m measured intervals,
m

>

1
T=—
mizl

If D is proportional to the expected number of hash attempts per proof, a simplified proportional
update is

p=
Dyew = Dold?'

Thus T < 7 increases difficulty, while T > 7 decreases it. Actual protocols may add rolling averages,
adjustment limits, timestamp rules, and consensus-specific constraints; the calculation here isolates
the statistical feedback principle.

C Exact Poisson Confidence Bounds

Let K ~ Poisson(u), where p = ptH. For an observed count k > 1, the endpoints of an exact
equal-tailed 95% confidence interval for p solve

P (K >k)=0.025 P, (K <k)=0.025

Here the subscript specifies the mean used to evaluate the Poisson probability. These equations can
be solved numerically using the Poisson distribution already developed in the paper.

An equivalent expression uses the relationship between Poisson tail probabilities and the chi-squared
distribution:

1, 1 2
ML = 5 X2k, 0.025) HU = 5 X2k+2,0.975)

where X;%,q is the g-quantile of a chi-squared distribution with v degrees of freedom. This is a way
to express the Poisson endpoints; it introduces no additional assumption about the hashing process.
Dividing by pt gives the interval for average hashrate:

2 2
X2k,0.025 X2k+2,0.975
2pt 7 2pt '

For k = 0, the lower endpoint is defined as zero. The upper endpoint of this two-sided interval is
—1n(0.025)/(pt); the one-sided 95% upper limit in Section 7.2 instead uses — In(0.05)/(pt).
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